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A positive hermitian linear functional on a *-algebra with identity is called 
an expectation when it satisfies a normalizing and an admissibility condition. 
The main theorem of this note shows that a positive linear function, on a 
normed *-algebra, with normalizing condition is always an expectation. 
A simple relation connecting this expectation and the expectation of Nakamura 
and Turumaru is given. 
1. INTRODUCTION 
The works of von Neumann (and others) on algebra of operators led 
Segal [4] to propose a noncommutative abstract integration theory which 
proved to be technically advantageous in quantum field theory. Umegaki, 
Nakamura, Turumaru and others developed a noncommutative probability 
theory using Segal’s idea of integration. Nakamura and Turumaru [3] defined 
expectation operators on C*-algebras and studied their properties; and 
Umegaki [5, 61 extended the notion of conditional expectation on von 
Neumann algebras and made an extensive study of its properties and applica- 
tions. In this note we introduce the notion of expectations on normed 
*-algebras. In our case the expectation is a linear functional (see [3]) and 
bears a simple relation to the expectation of Nakamura and Turumaru. In 
this introductory section we give few basic definitions and notations. 
DEFINITION 1.1. An algebra ‘% over the complex field is said to be a 
*-algebra if there is a mapping x + x * of ‘?I onto itself, called *-involution, 
such that (x*)* = X, (x + y)* = x* + y*, (xy)* = y*x* and (XX)* = xx*, 
where h is a complex number and x its conjugate. 
Positive linear functionals on a *-algebra behave like integration and its 
properties very naturally lead to the definition of expectation functionals on 
*-algebras [2]. 
DEFINITION 1.2. A linear functional E on a *-algebra 2l is called positive 
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- 
if E(x*x) > 0, for all x E ‘B; E is called hermitian if E(x*) = Ex. A positive 
linear functional E on ‘$I is called admissible if it satisfies 
E(y*x*xy) < co 
$i? E(Y*Y) 
for each x E 2I. 
DEFINITION 1.3. Let fi be a Hilbert space and &(sj) be the algebra of all 
endomorphisms on 8. A self-adjoint subalgebra ‘$I of S(fi) is called a C*- 
algebra if it is closed under uniform operator topology in &(sj). 
DEFINITION 1.4 (Nakamura-Turumaru). Let ‘$I be a C*-algebra. A 
mapping x -+ Ex from 9l into itself is called a quasi-expectation (or) an 
averaging operator, if it satisfies 
(1) E(m + 6~) = &ix + WY, 
(2) E(x*) = (Ex)* 
(3) x > 0 implies Ex > 0 
(4) E(E(x) y) = ExEy = E(xEy). 
E is called an expectation if it is a quasi-expectation and 
(5) EI = 1, I is the identity operator. 
2. EXPECTATIONS 
Throughout this section ‘$I is a *-algebra with identity e. 
DEFINITION 2.1. A linear functional E on ‘$I is called an expectation if E 
is positive and hermitian, satisfying 
(E-l) E(e) = 1, 
(E-2) 
I E(Y*xY)~ 
E(Y *Y) 
< U(X), for all x, y E 9X, 
where y # 0 and a(x) is a function depending only on x. We shall call the 
function m(x) as the admissible fun&m relative to the expectation E. If E is 
positive, hermitian and admissible, (E2), then E is called u quasi-expectation. 
A (quasi-) expectation is called abeliun, if 
(E-3) E(xy) = E(yx), x, y E ‘3. 
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First we shall look at some simple examples. 
EXAMPLE 1. Let 91 be the *-algebra of all (n x rz) matrices. For each 
x E 2l, define E by 
Ex = i (trace of matrix x). 
Then E is an abelian expectation of ‘?I, where the admissible function 
44 = II x Ilm , the operator bound. 
In general, we have the following 
EXA~~~PLE 2. Let 2I be a C*-algebra with identity e. A positive linear 
functional 0 of 2I with norm // (T // = 1 is called a state in a terminology of 
Segal. Then every state o is just an expectation in the present sense. Indeed, 
by Schwartz’s inequality 
< [u(e)]1/2 < [I u /l1/2 = 1, 
and u(e) = 1. Furthermore, for every x, y E‘%, 
I dr*xr)l < II x II u(y*Y)* 
Thus we have the following equivalent statements. The following are equiv- 
alent for a bounded linear functional U: 
(1) (T is positive with II u I/ = 1; 
(2) u(e) = (( (T /j = 1 (Bohnenblust-Karlin property); 
(3) 0 is an expectation. 
We can extend the proposition in Example 2 to a general case. 
THEOREM 2.1. I f  ‘% is a normed *-algebra with identity, then any bounded 
positive linear functional E satisfying (E-l) is an expectation and the admissible 
function n(x) is given by 
a(x) = [p(x*x)y, 
where p(x*x) is the spectral radius of the hermitian element x*x. 
Proof. For x, y E 55, by Schwartz’s inequality 
I E(y*x)12 < E(y*y) E(x*x). (2.1) 
EXPECTATIONS IN NORMED *-ALGEBRAS 17 
From (2.1), 
X*X is an hermitian element for any x E ‘3. Put h = X*X. Then 
and 
I E(Y*xYv G E(Y*Y) E(Y*hY)? 
I E(Y*xY)14 G P(Y*Y)12 I E(Y*hY)12 G mY*Y)13 E(Y”h2Y)* 
Repeatedly applying the inequality 
we obtain 
I E(Y*hY)12 G E(Y*Y) wY*h2Yh 
I -qY*hY)12L < [JqY*Y)12k-1 E(Y”eJ) 
G [E(Y*Y)I~~ II E II II Y II2 II I++ II . 
By taking 2k-th root and letting K + co, we get 
Thus 
I E(Y*~Y)I G ~(4 E(Y*Y). 
I E(Y*xY)12 G P&*x) P(Y*y)12* (2.2) 
From (2.2) we get (E-2) and C?(X) = p(x*x). This completes the proof. 
The following lemma is clear. 
LEMMA 2.1. Let x -+ T, be a faithful *-representation of a *-algebra ‘3 on 
a Hilbert space $3 and h a fixed vector in 5j. Then the fun&ma1 Ex = (T.& h) 
is a quasi-expectation on ‘$I and the admissible function is given by a(x) = /I T, 11 . 
Representation theory of *-algebras gives the representations of positive 
linear functionals and this leads to the following lemma. 
LEMMA 2.2. Let 5X be a Banach *-algebra with an identity and E be a 
bounded positive functional on 5X. If X is a positive constant such that 
I E(x)12 < A.B(x*x), then E is a quasi-expectation and isgiven by Ex = (TJz, h) 
where h is a cyclic vector in !Cj and x -+ T, is a *-representation of % on 5. E is 
an expectation if and only zf II h II = 1. 
Next we look at a simple relation connecting the quasi-expectation func- 
tionals representable in the form Ex = (Td, h) and the quasi-expectation 
operators of Nakamura and Turumaru on a C*-algebra. 
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Let 9l be a B*-algebra (a Banach *-algebra with Ii X*X /I = 11 x \\a). Then 91 
is isometrically *-isomorphic to a C*-algebra &’ of operators on a Hilbert 
space H. Let E be a positive functional on 21. Then E is bounded and 
1 E.lc j2 < /I E 11 E(x*x). By Lemma 2, there is a cyclic vector h E H such that 
Ex = (2’2, h). Let S be a positive bounded linear operator commuting 
with each T, , .Y E 4%. Using the same E, define 
Ex = (T,Sh, h). (2.3) 
Then, E is a quasi-expectation on % with the admissible function a(x) given 
by a(~) = 11 x j[ , and a(~) is independent of S. 
As above, let S be a positive operator on H commuting with each T in the 
C*-algebra ~2. Define bT as follows: 
&T = TS. (2.4) 
Ciearly & is a linear map on d satisfying (I) bT* = (bT)* and (2) T > 0 
implies that GT > 0. Using commutativity of S with -Qz, one easily sees the 
averaging property 
c?[(cW) T] = (&Cl) (6T) = Q!Y(&T)]. 
Thus d is an averaging operator or a quasi-expectation on &, in the sense of 
Nakamura and Turumaru. 
We shall summarize these observations as follows: “Let ‘?I be a B*-algebra 
isometrically *-isomorphic to a C*-algebra M’ of operators on a Hilbert space 
Hand S be a positive operator commuting with all the operators in d. If the 
quasi-expectations E and E are given by (2.3) and (2.4) respectively, then we 
have 
Ex = (TJh, h) = (&‘T& h). 
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